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Abstract
We have studied classical and quantum solutions of 2+1 dimensional
Einstein gravity theory. Quantum theory is defined through the local con-
served angular momentum and mass operators in the case of spherically
symmetric space-time. The de Broglie-Bohm interpretation is applied for
the wave function and we derive the differential equations for metrics.
Metrics including quantum effect are obtained in solving these equations
and we compare them with classical metrics. Especially the quantum
effect on the closed de Sitter universe is evaluated quantitatively.
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1 Introduction
Recently 2+1 dimensional gravity theory, especially AdS3 has been studied ex-
tensively [1, 2, 3]. It was shown that the theory is equivalent to the 2+1 Chern-
Simons theory [4] and has been investigated to understand the black hole ther-
modynamics, i.e. Hawking temperature [5] and others. The 2+1 dimensional
AdS supergravity theories were investigated in the Chern-Simons form [6]. Topa-
logically massive gravity, which is the sum of Einstein and Chern-Simons terms,
was also analyzed in the canonical form [7]. The purpose of this paper is to inves-
tigate the canonical formalism of the original 2+1 dimensional Einstein gravity
theory instead of the Chern-Simons theory. For the spherically symmetric space-
time, local conserved quantities (mass and angular momentum) are introduced
and using them canonical quantum theory is defined. Constraints are imposed
on state vectors and solved analytically. In order to extract the physical mean-
ing of the wave function, we adopt the de Broglie-Bohm interpretation [8, 9, 10]
and derive the differential equations for the metrics, which include the quantum
effect.
After fixing the gauge choice, special solutions of the metrics are obtained.
Especially the quantum effect on the closed de Sitter universe is obtained quan-
titatively. It is interesting to note that the birth of universe appears as the real
time tunneling in stead of the imaginary time tunneling in the WKB approxi-
mation by Vilenkin [11] and in the path integral method by Hartle and Hawking
[12]. The strategy to obtain the solution is followed by our previous work in the
3+1 dimensional gravity [13]. The new developments in this paper are to take
into account a general form of metrics and to make a quantitative evaluation to
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quantum effects in the 2+1 dimensional spherically symmetric gravity.
This paper is organized as follows. In section 2, we review the canonical for-
malism of the Einstein theory with a cosmological constant in spherically sym-
metric space-time. We introduce the local conservation quantities, the angular
momentum J and the mass function M . In section 3, the canonical quantiza-
tion is presented. Using some operator ordering the quantum theory could be
constructed and the analytic solutions could be obtained. In section 4, we adopt
the de Broglie-Bohm interpretation in order to extract geometrical information
from the analytic solutions. Some examples of the comparison between classical
limit and classical solutions which have already been known are also exhibited.
In section 5, we try to evaluate the finite quantum effect for closed de Sitter
universe. Summary and concluding remark are given in the final section.
2 Canonical Formalism
We start to consider the Einstein-Hilbert action with cosmological constant λ
in 2+1 dimensional space-time,
I =
1
16piG2
∫
d3x
√
−(3)g((3)R − 2λ). (1)
The gravitational constant in 2+1 dimensions is set to G2 = 1/4 in the following.
The metrics in polar coordinates are expressed in ADM decomposition [14] as
ds2 = −N2dt2 + Λ2(dr +N rdt)2 +R2(dφ+Nφdt)2 (2)
+2C(dr +N rdt)(dφ+Nφdt),
where all metrics are assumed to be function of time t and radial coordinate r.
In the following, dot and dash denotes the derivative with respect to t and r.
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The action in the canonical formalism is in the form,
I =
∫
dt dr [PΛΛ˙ + PRR˙ + PCC˙ − (NH +N rHr +NφHφ)]
−
∫
dt dr
(
[(ΛPΛ + CPC)N
r]′ + [(
C
Λ
PΛ +R
2PC)N
φ]′
)
, (3)
where canonical momenta are
PΛ =
∂L
∂Λ˙
=
ΛR(N rR′ − R˙)
N
√
h
, (4)
PR =
∂L
∂R˙
=
R[CNφ
′
+ Λ{(ΛN r)′ − Λ˙}]
N
√
h
, (5)
PC =
∂L
∂C˙
= −(N
rC)′ +R2Nφ
′ − C˙
2N
√
h
, (6)
and the Hamiltonian and the momentum functions are defined as
H =
√
h
(
−PΛPR
ΛR
+ P 2C +
R′2 +RR′′
h
− RR
′h′
2h2
+ λ
)
, (7)
Hr = R
′PR − CPC ′ − ΛPΛ′ , (8)
Hφ = −
(
C
Λ
PΛ +R
2PC
)′
. (9)
In the expression of canonical momenta in Eq. (4)-(6), L is the Lagrangian
density and h = Λ2R2 − C2 is the determinant of the spatial part of metrics.
It is essential to introduce the local conservation quantities, the angular
momentum J and the mass function M as follows
J := −2
∫
drHφ = 2
(
C
Λ
PΛ +R
2PC
)
, (10)
M := −
∫
dr
(
RR′√
h
H +
PΛ
Λ
Hr + PCHφ
)
=
1
2
(
PΛ
2 +
2CPΛPC
Λ
+R2PC
2 − R
2R′2
h
− λR2 + 1
)
. (11)
The angular momentum function J could be derived as a conservative quantity
for a infinitesimal continuous rotation by Noether’s Theorem, and the mass
4
function M could be derived by using the form of J and the transformation
method from the canonical data which was considered by Fischler, Morgan and
Polchinski [15] and by Kuchar˘ [16]. The physical meaning of the mass function
in the 3+1 dimensional space-time is studied by Nambu and Sasaki [17]. These
local conserved quantities are essential in defining and solving the quantum
theory in spherically symmetric gravity.
Before going to the detail of the quantum theory, we make transformation
from old variables Λ, R and C into new variables by

 ΛR
C

 −→

 Λ¯R¯
C¯

 =


√
Λ2 − C2R−2
R
CR−2

 . (12)
The corresponding momenta are transformed as


PΛ
PR
PC

 −→


PΛ¯
PR¯
PC¯

 =


√
Λ2 − C2R−2Λ−1PΛ
C2Λ−1R−3PΛ + PR + 2CR
−1PC
CΛ−1PΛ +R
2PC

 . (13)
These new variables will be used extensively in the following calculation.
3 Quantum Theory
Next we proceed to the quantum theory in the Schro¨dinger picture. The mo-
mentum operators are expressed in the new variables in Eqs.(12) and (13) as
PˆΛ¯(r) := −i
δ
δΛ¯(r)
, PˆR¯(r) := −i
δ
δR¯(r)
, PˆC¯(r) := −i
δ
δC¯(r)
. (14)
The notation hat denotes the quantized operator in the followings. According
to the Dirac approach, the constraints are treated as operator restriction on the
wave function Ψ:
HˆΨ = 0 , HˆrΨ = 0 , HˆφΨ = 0 . (15)
5
The first equation is the Wheeler-DeWitt equation and others are the momentum
constraint equations.
Our strategy is to solve the eigenvalue equation for Jˆ , Mˆ and the constraint
equation for Hˆr step by step instead of solving the constraint equations (Eq.
(15)).
Step 1: Angular momentum eigenequation
The eigenvalue equation of the local angular momentum (Eqs. (10) and (13))
with the eigenvalue j
JˆΨ = PˆC¯Ψ = jΨ (16)
is satisfied by the eigenfunction in the form
Ψ = eijΦu(Λ¯, R¯) , (17)
with the variable
Φ =
∫
drC¯(r) . (18)
Step 2: Momentum constraint equation
The radial momentum constraint equation
HˆrΨ = (R¯
′PˆR¯ − Λ¯(PˆΛ¯)′)eijΦu(Λ¯, R¯) = 0 , (19)
restricts the functional form of the wave function to
Ψ = eijΦu(Z) , (20)
where we introduce variable Z
Z =
∫
drΛ¯f(R¯, χ) =
∫
dr
∫ Λ¯(r)
dΛ¯f¯(R¯, χ) , (21)
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with the definition
χ := R¯ ′ 2Λ¯−2 . (22)
The function f and f¯ are arbitrary functions and are related each other by
f(R¯, χ) = −
∫ χ
dχ
f¯(R¯, χ)
2χ
. (23)
Step 3: Mass equation
The mass operator Mˆ consists of the integration of the linear combination of
constraints with respect to radial coordinate r in Eq.(11) and is imposed on the
state vector as
(Mˆ −m)Ψ = 0 , (24)
where m is an integration constant. Three operators Jˆ , Mˆ and Hˆr should form
a closed algebra in order to ensure the consistency among three wave equations
(16), (19) and (24):
[Jˆ(r), Jˆ(r′)] = 0 , (25)
[Jˆ(r), Hˆr(r
′)] = iJˆ ′(r)δ(r − r′) , (26)
[Jˆ(r), Mˆ(r′)] = 0 , (27)
[Hˆr(r), Hˆr(r
′)] = i(Hˆr(r)δ
′(r − r′)− (r ↔ r′)) , (28)
[Hˆr(r), Mˆ(r
′)] = iMˆ ′(r)δ(r − r′) , (29)
[Mˆ(r), Mˆ(r′)] = 0 . (30)
The factor ordering of mass operator Mˆ is determined by this requirement and
is expressed as
Mˆ −m = 1
2
APˆΛ¯A
−1PˆΛ¯ +
1
2
(−χ + Fˆ (R¯)) , (31)
7
where χ is in Eq.(22) and
Fˆ (R¯) = 1− 2m− λR¯2 + 1
4
Jˆ2R¯−2 . (32)
The ordering factor A is introduced to take account of the factor ordering am-
biguity and is expressed by the product of two functions as
A = AZ(Z)A¯(R¯, χ) , (33)
where AZ and A¯ are arbitrary functions with respect to the variable Z and R¯ , χ
respectively. We choose one of these function A¯ as
A¯ =
δZ
δΛ¯
= f¯ =
√
χ− Fj(R¯) , (34)
where
Fj(R¯) := Fˆ |Jˆ=j (R¯) . (35)
Then using the mass operator for each eigenvalue of angular momentum j
Mˆj := Mˆ |Jˆ=j , (36)
the mass equation
Mˆjuj,m(Z) = muj,m(Z) , (37)
can reduce to the equation with respect to Z
d2uj,m(Z)
dZ2
− AZ−1 δAZ
δZ
duj,m(Z)
dZ
+ uj,m(Z) = 0. (38)
If we choose the remaining ordering factor as AZ = Z
2ν−1, the above equation
becomes the Bessel equation
d2uj,m(Z)
dZ2
− 2ν − 1
Z
duj,m(Z)
dZ
+ uj,m(Z) = 0, (39)
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and the solution is
u
(ν)
j,m(Z) = Z
ν [b1H
(1)
ν (Z) + b2H
(2)
ν (Z)], (40)
where Hν(Z) is the Hankel function and b1 and b2 are constant coefficients. In
conclusion, the quantum wave function becomes
Ψ(Z) = eijΦu
(ν)
j,m(Z) , (41)
where the argument Z is expressed using Eqs. (21) and (34) as
Z =
∫
dr
∫ Λ¯(r)
dΛ¯
√
χ− Fj(R¯)
=
∫
dr
(
Λ¯
√
χ− Fj(R¯)− R¯′ ln
∣∣∣∣
√
χ+
√
χ− Fj(R¯)√
| Fj(R¯) |
∣∣∣∣
)
, (42)
where χ and Fj are given in Eqs. (22) and (35).
The solution in Eq. (41) is shown to satisfy the original constraint equations
(15) automatically, because the operators Jˆ and Mˆ are expressed by the linear
combination of the original constraints (see Eqs. (10) and (11)). The closure of
the algebras among original constraints H , Hr and Hφ is ensured in a similar
way.
In the final part of this section, we comment on other choice of factor ordering
for AZ . For example, if we choose AZ = e
2ZZ−σ(Z − 1)σ, we obtain the wave
function of the hypergeometric function. The factor ordering ambiguity appears
in our approach, because the factor ordering is determined by requiring a closed
algebra among constraint operators and not requiring to define a inner product
among state vectors.
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4 De Broglie-Bohm Interpretation
We obtained the analytic wave function of the 2+1 dimensional gravity theory.
The wave function is the functional of the metrics and its physical and geomet-
rical meaning is not clear. We adopt the de Broglie-Bohm (dBB) interpretation
in order to extract geometrical information from the wave function. For this
purpose, we choose only the 2nd kind Hankel function in Eq. (40) as the wave
function which satisfies the Vilenkin boundary condition [11]. Then the wave
function in the polar coordinates is written as
Ψ(Z) = ZνH(2)ν (Z) =| Ψ | eiΘ(Z) . (43)
In the dBB interpretation, the momenta are defined by the gradient of the phase
of the wave function as
PΛ¯ =
δΘ
δΛ¯
, PR¯ =
δΘ
δR¯
, PC¯ =
δΘ
δC¯
. (44)
Inserting the original expressions of the momenta in Eqs. (4)- (6) and (13) into
Eq. (44), we obtain the differential equations for the metrics with respect to the
time and space coordinates as
1
N
(N rR¯′ − ˙¯R) = f¯ dΘ
dZ
, (45)
1
N
((Λ¯N r)′ − ˙¯Λ) = Λ¯
R¯′
f¯ ′
dΘ
dZ
, (46)
− R¯
3
NΛ¯
((N rC¯)′ + (Nφ)′ − ˙¯C) = j . (47)
In the dBB interpretation, the quantum effect is expressed by the factor
(ndBB)
−1 := −dΘ
dZ
=
2
piZ|H(2)ν (Z)|2
. (48)
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The limit ndBB → 1 is the classical limit, because the dBB equations (45),(46)
and (47) reduce to the Einstein equation in this limit. The metrics solving these
dBB equations include quantum effects through the factor ndBB.
In order to integrate the Eqs. (45)-(47), we fix a part of gauge freedom of
the general coordinate transformation as
N r = Nφ = 0 . (49)
Then the metric C¯ is determined from Eq. (47) as
˙¯C =
NΛ¯
R¯3
j . (50)
We can derive the relation free from quantum effects taking the ratio of Eq. (46)
over Eq. (45)
˙¯Λ
Λ¯
=
˙¯R
R¯′
f¯ ′
f¯
. (51)
We show some examples of the solution by the dBB interpretation in the
followings.
Example 1: BTZ black hole
If we further restrict the solution by the conditions as
R¯′ = 0 and ˙¯R = 1 , (52)
we have the relation R¯ = t . Then we find
ds2 =
1
Fj
ndBB
2dt2 − Fjdr2 + t2(C¯dr + dφ)2 , (53)
from Eqs. (45) and (46) where Fj = 1−2m+ j2/(4t2)−λt2 . The classical limit
of the metrics under the space-time transformation t↔ r, C¯ ↔ Nφ, represents
11
the BTZ black [2] .
Example 2: de Sitter universe
Next we show the example of de Sitter universe. We set N = 1 and m = j = 0
and we put the ansatz for metrics as
R¯ = a(t)r and Λ¯ = b(t)/
√
1−Kr2 , (54)
where K = 0 or 1 represent the open or closed universe respectively. From Eq.
(51), we obtain a(t) = b(t) and from Eq. (45) we obtain the equation for the
scale factor of the universe as
a˙ =
√
λa2 −K ndBB−1 . (55)
The corresponding classical solutions (put ndBB = 1 in Eq. (55)) are open or
closed de Sitter universe
a =
{
exp (
√
λt) for K = 0
λ−1/2 cosh (
√
λt) for K = 1 .
(56)
The classical closed de Sitter universe is created with a finite size at t = 0
and expands exponentially as t ≫ 0 . A special interest is the closed de Sitter
universe because the finite quantum effect can be estimated.
5 Evaluation of Quantum Effect of de Sitter
universe
In this section, we investigate the quantitative evaluation of quantum effects for
the metrics of de Sitter universe which were studied in the previous section. We
note that the quantum effect does not appear for a open de Sitter universe. This
is because the argument Z becomes infinity as its spatial integration region is
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infinite and therefore the factor ndBB becomes one, which indicates the classical
limit. The finite quantum effect is evaluated only for the case of closed de Sitter
universe as was explained in the previous section:
R¯ = a(t)r and Λ¯ = a(t)/
√
1− r2 , (57)
where the scale factor is determined by the dBB equation (55) with the relation
(48) as
a˙ =
√
λa2 − 1 2
piZ | H(2)ν (Z) |2
. (58)
To evaluate this equation we should first integrate with respect to r and
obtain the expression of the argument Z as a function of the scale factor a(t). It
is expressed in the classical region (
√
λa ≥ 1) and the quantum tunneling region
(0 ≤ √λa ≤ 1) as
Z =


a
√
λa2 − 1− 1√
λ
tanh−1
√
λa2 − 1√
λa
(for
√
λa ≥ 1) ,
i
(
a
√
1− λa2 − 1√
λ
tan−1
√
1− λa2√
λa
)
(for 0 ≤
√
λa < 1) ,
(59)
The criterion of analytic continuation from the classical region to the quantum
tunneling region is that the value of Z2 is connected smoothly at boundary
point
√
λa = 1, because Z takes the real value for the classical region and the
imaginary value for the quantum region. The value of the argument Z2 is shown
in Fig. 1.
Now we turn to the evaluation of the scale factor in Eq. (58). We note that
at the boundary
√
λa = 1 the rate of change of the scale factor a˙(t) is zero
for the classical limit (ndBB = 1) and for |ν| > 1/3 and infinity for |ν| < 1/3,
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1 2 3 4 5
a
-4
-2
2
4
6
8
ZHaL2
Figure 1: The argument Z2 as a function of the scale factor a given by Eq.
(59) with the cosmological constant λ = 1/2
where ν is the index of the Hankel function. The interesting tunneling effect is
obtained for the case of index of the Hankel function ν = 1/3, where the rate of
change of the scale factor takes a finite value at the boundary:
lim√
λa→1
a˙ = lim√
λa→1
√
λa2 − 1 2
piZ | H(2)1/3(Z) |2
=
λ1/634/3Γ(2/3)2
4pi
. (60)
The case for ν = −1/3 gives the same result because of the identity: H(2)−ν (Z) =
exp (−ipiν)H(2)ν (Z). Then the scale factor both in the classical region and the
quantum region is determined by
a˙(t) =


2
√
λa2 − 1
piZ|H(2)1/3(Z)|2
(for
√
λa ≥ 1) ,
2i
√
1− λa2
piZ|H(2)1/3(Z)|2
(for 0 ≤
√
λa < 1) ,
(61)
where the argument Z is given in Eq. (59). From this equation the rate of
change of the scale factor a˙(t) as a function a(t) is obtained and shown in Fig.
2 with λ = 1
2
. The scale factor as a function of t is obtained by integrating
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1 2 3 4
a
0.5
1
1.5
2
2.5
a 
AB
Figure 2: The rate of change of the scale factor a˙(t) as a function a(t). (A) The
classical case: a˙ =
√
λa2 − 1 and (B) The quantum case: a˙ in Eq. (58) with the
cosmological constant λ = 1/2.
Eq.(61) numerically and the result is shown in Fig. 3.
Here we can see from Figs. 2 and 3 that the quantum scale factor (denoted by
a letter B) approaches to the classical scale factor (denoted by a letter A) asymp-
totically ( a(t)→∞ ), which was required by the Vilenkin’s boundary condition.
The quantum scale factor extend in the classically forbidden region (t ≤ 0) as a
real time quantum tunneling effect. This is one of characteristic features of the
de Broglie-Bohm approach and are compared with other approaches: the WKB
approach [11] or the path integral approach [12]. A similar analysis was done by
Horiguchi [18] in 3+1 dimension, in which metrics were treated as function of
only time t while we have treated more generally spherically symmetric metrics
as function of both time and radial coordinates.
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B
Figure 3: The scale factor a(t) for the closed de Sitter universe. (A) The
classical scale factor a(t) = λ−1/2 cosh (
√
λt) , (B) The numerical solution of
Eq. (61), which includes quantum effects. The cosmological constant is set to
λ = 1/2 and the time is normalized as a = 1/
√
λ at t = 0.
6 Summary
We have studied the 2+1 dimensional spherically symmetric gravity theory and
obtained the following results.
(1) Quantum theory is defined through local conserved quantities Jˆ(r) and Mˆ(r).
(2) The de Broglie-Bohm interpretation is applied for the analytic wave function
of universe.
(3) The differential equations of the dBB interpretation are solved and black
hole metrics as well as expanding universe metrics are obtained after fixing the
coordinate conditions.
(4) Especially we have evaluated the quantum effects of the closed de Sitter
universe as the real time tunneling in the classically forbidden region occurs
through the de Broglie-Bohm interpretation. It is interesting to compare with
other approaches that the universe creates form nothing through imaginary time
tunneling using WKB approximation by Vilenkin [11] and the path integral
16
method by Hartle and Hawking [12].
There are some other interesting topics characteristic in 2+1 dimensional
gravity. Localized sources can affect global geometrical structure which is ex-
pressed as topological conical singularity [1]. Other interesting topological so-
lutions are torus solutions considered by Hosoya and Nakano [19]. It may be
interesting to make the de Broglie-Bohm interpretation for the conical singurar-
ity in the closed universe and torus solutions in 2+1 dimensional gravity because
the evaluation of the quantum effects are expected to be finite and the relation
between the quantum solutions and the classical solutions becomes clear. These
are our future problems.
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